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Individual Assessment 5: Randomized Data Structures

This is an individual assessment, and, as the name suggests, must be completed individually. Specifi-
cally, you’re not allowed to work with a partner, and you should not discuss these problems with
other students in CS166. However, the course staff are happy to answer clarifying questions on Pi-
azza (if you do, please post the question privately) or in our office hours.

Due Thursday, May 28th at 2:30PM Pacific time
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Problem One: Perfect Hash Functions
Let’s imagine we want to hash a fixed set of n ≥ 2 distinct elements x₁, x₂, …, xₙ into a table with some
hash function h. We’ll say that h is a perfect hash function for those elements if all the hash codes are
distinct. That is, h is a perfect hash function if h(xi) ≠ h(xj) whenever i ≠ j.

Suppose that  h is a uniformly-random choice of a hash function from a 2-independent family of hash
functions mapping from some universe 𝒰 to the set [n2]. Your goal is to prove the following statement:

Theorem: There is a constant p ∈ (0, 1), independent of n, such that Pr[h is a perfect hash function] ≥ p.

Let’s begin by seeing an incorrect argument that this is the case.

⚠

Incorrect Proof: Consider any distinct n ≥ 2 elements x₁, …, xₙ drawn from 𝒰. We note
that h is a perfect hash function precisely if each item’s hash code is different from the pre-
ceding items’ hash codes. Since h is drawn from a 2-independent family of hash functions,
the probability that this occurs is given by
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The first term follows since h(x₁) can be any of the n2 possible options, the hash code h(x₂)
can be any of the n2 possible items except for the one selected as h(x₁), the hash code h(x₃)
can be any of the n2 possible items except for the two selected as h(x₁) and h(x₂), etc.

Each term in this product is at least ( n2−n
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We note that the expression (1 – ¹/ₙ)n approaches e-1 for large n, and is always at least ¼ in
the case where n ≥ 2. In particular, this means that

Pr[h is a perfect hash function] ≥ ¼.

Thus we see that h is perfect with probability at least ¼, as required. ■

⚠

This is a clever argument, but unfortunately it’s incorrect.

i. What’s wrong with this proof? Point to a specific claim that’s made that is incorrect or unsup-
ported, then explain why it’s incorrect or unsupported. (As a note, the claim about (1 – ¹/ₙ)n   is
correct, so that’s not the issue.)

ii. Write a correct proof of the theorem.

Problem Two: Final Details on Count Sketches
In our analysis of count sketches from lecture, we made the following simplification when determining the
variance of our estimate:

Var [∑
j≠i

a j s (x i) s( x j) X j ] = ∑
j≠i

Var[ a j s (x i )s (x j) X j]

In general, the variance of a sum of random variables is not the same as the sum of their variances. That
only works in the case where all those random variables are pairwise uncorrelated, as you saw on Prob-
lem Set Zero. Prove that any two terms in the above summation are uncorrelated under the assumption
that both s and h are drawn uniformly and independently from separate 2-independent families of hash
functions. As a refresher, two random variables X and Y are uncorrelated if E[XY] = E[X]E[Y].


